«  < 


AD-A247  308 


Management  Science  Research  Report  #MSRR-572 


lllillllli 


iiil 


Decomposition  of  Balanced  Matrices. 
Part  IV:  Connected  Squares 


DTIC 

lELECTE 
MARl  0 19K 


Michele  Confortl^ 
Gerard  Cornu6Jols 
and 

M.R.  Rao 


October  1991 


Thir.  dr.'cument  has  been  approved 
foi  public  release  oird  sale;  its 
distribution  is  unliroited. 


92-05539 


This  work  was  supported  in  part  by  NSF  grants  DDM-8800281,  01^-8901495  and 
DDM-9001705. 

^Dipartimento  di  Matematlca  Pura  ed  Applicata,  University  di  Padova,  Via 
Belzoni  7,  35131  Padova,  Italy. 

^Carnegie  Mellon  University,  Schenley  Park,  Pittsburgh,  PA  15213. 

^New  York  University,  100  Trinity  Place,  New  York,  NY  10006. 


92  3  03  023 


f  d 


Figure  1:  Connected  squares 


1  The  Main  Result 

In  this  part  we  prove  the  following  result: 

Theorem  1.1  Let  G  be  a  wheel-free  bipartite  graph  which  is  signable  to  be 
balanced  and  contains  connected  squares.  If  the  graph  G  has  no  biclique 
cutset,  then  there  exist  some  connected  squares  S  =  CS{Pi,P2,Pz,Pa)  o,nd  a 
2-join,  separating  V{Pi)  U  V{P2),  from  V{P3)  U  V{P4). 

We  consider  connected  squares  CS{P\,P2,  Pz,  P4)  in  a  wheel-free  bipartite 
graph  G  which  is  signable  to  be  balanced  and  we  define  P,,  1  <  i  <  4  to  be 
the  subpath  obtained  from  Pi  by  removing  its  endnodes.  We  Msume  that 
a,b,c,d  €  and  e,f,g,h  €  K’’  and  we  use  the  notation  of  Figure  1. 

2  A  Classification  of  Nodes  and  Paths 

The  following  theorem  characterizes  the  strongly  adjacent  nodes  to  connected 
squares  E  =  C5(Pi,  pj,  P3,  Pa)- 
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Figure  2:  Strongly  adjacent  nodes 

Theorem  2.1  Let  v  be  a  strongly  adjacent  node  to  connected  squares  S  = 
CS{P\^P2-,P3,Pa)‘  Then  one  of  the  following  holds: 

•  Node  V  has  exactly  two  neighbors  in  E,  both  contained  in  Pi,  for  i  = 

1,2, 3, 4. 

•  Node  V  is  of  one  of  the  following  types,  see  Figure  2: 

Type  a  Node  v  has  three  neighbors  in  S,  two  of  them  being  a,c  or  e,g 
or  b,d  or  f,h.  If  v  ^  V‘,  the  third  neighbor  is  in  Pi  or  in  P2.  If 
V  €  V’’’,  the  third  neighbor  is  in  P3  or  in  P4. 

Type  b  Node  v  has  exactly  two  neighbors  in  S  which  are  a,c  or  e,g 
or  b,d  or  /,  h. 

Type  c  Node  v  has  exactly  two  neighbors  in  S  and  if  v  &  V^,  then  v 
has  one  neighbor  in  Pi  and  one  in  P2.  If  v  €  V,  then  v  has  one 
neighbor  in  P3  and  one  in  P4. 

Proof:  Let  i«  be  a  strongly  adjacent  node  to  E,  and  assume  w.l.o.g.  that 
w  €  V‘^.  Then  w  cannot  be  adjacent  to  all  the  nodes  in  the  set  {e,f,g,h} 
otherwise  w  is  the  center  of  a  wheel.  This  implies  that  w  cannot  have  neigh¬ 
bors  in  all  the  paths  /i, Pj, P3, P4,  otherwise,  2issume  w.l.o.g.  that  w  is  not 
adjacent  to  e,  then  there  is  a  ZPC{w,e). 

Now  assume  w.l.o.g.  that  w  has  no  neighbors  in  P4  and  consider  the 
■  parachute  11  having  a,g,cas  short  top,  a,  Pi,b,f  and  c,  P2,  d,f  as  long  sides 
and  P3  as  middle  path.  Then  N{w)  fl  V^(E)  =  N{w)  D  ^(0).  Hence  we 
.  .  apply  Theorem  2.1(111)  to  the  parachute  H.  The  first  case  of  the  above 
theorem  corresponds  to  the  first  case  of  Theorem  2.1(111).  If  node  w  is  of 
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Type  a[2.1(III)],  then  w  is  of  Type  b  in  this  theorem  and  if  node  w  is  of 
Type  b[2.1(III)],  then  w  is  of  Type  c  in  this  theorem.  Node  w  cannot  be  of 
Type  c[2.1(III)],  else  /  is  the  center  of  an  odd  wheel.  Node  w  cannot  be  of 
Type  d[2.1(III)],  else  there  is  a  3PC{h,a)  or  a  ZPC{h,c). 

Furthermore  w  cannot  be  of  Type  e[2.1(III)]  or  of  Type  h[2.1(III)]  or  of 
Type  i[2.1(III)]  or  of  Type  o[2.1(IIl)],  else  w  has  a  neighbor  in  P4.  If  w  is  of 
Type  g[2.1(III)],  then  is  a  twin  of  a  node  in  E. 

We  finally  examine  the  case  in  which  w  is  of  Type  f[2.1(III)].  Let  t«i  be 
the  neighbor  of  w  in  V{P\)\  {a}  and  toa  be  the  neighbor  of  w  in  ^(Pa) \  {c}- 

If  lui  ^  6  and  toa  7^  d,  there  is  a  3PC{w,  b).  li  wi  =  b  and  iwa  ^  d,  there 
is  an  odd  wheel  with  center  b.  So  we  must  have  wi  =  b  and  =  d.  Hence 
w  is  of  Type  a.  □ 

Definition  2.2  Let  5a(I!)  be  the  set  of  nodes  adjacent  to  nodes  e  and  g  and 
a  node  in  Pi,  Note  that,  for  any  node  a’  €  -^oCS),  there  are  connected  squares 
S'  containing  a'  but  not  a.  When  no  confusion  can  occur,  we  simply  write  Sa 
/or  5a(E).  The  sets  Sc,Se,Sg,Tb,Td,Tf,Th  are  defined  analogously.  Define 
Sae  to  be  the  set  of  nodes  w  such  that  N{w)  O  V'(S)  =  {e,g).  Note  that,  a 
node  in  Sac  replace  either  a  or  c  in  connected  squares  that  contain  seven 
of  the  nodes  a,b,c,d,e,f,g,h.  The  sets  Seg  ,Tbd,Tfh  are  defined  analogously. 
Finally,  letS  =  SaUSc'JSc'JSgUSacUScg  andT  =  TbUTdUTfUThUTtd'JTfh. 

As  a  consequence  of  Theorem  2.1,  the  set  Sa  is  made  up  by  node  a  and 
all  the  Type  a[2.1]  nodes  that  are  adjacent  to  e  and  g  and  a  node  in  Pi.  The 
set  Sac  is  made  up  by  all  the  Type  b[2.1]  nodes  that  are  adjacent  to  e  and 
g.  Furthermore  the  set  S  is  made  up  by  the  node  set  {a,c,  e,^}  and  all  the 
nodes  that  are  strongly  adjacent  to  S  and  have  two  neighbors  in  {a,c,e,g}. 

Lemma  2.3  The  sets  S  and  T  are  disjoint  and  no  node  of  S  is  adjacent  to 
a  node  ofT. 

Proof:  The  first  property  follows  immediately  from  Theorem  2.1.  If  the 
second  property  does  not  hold,  there  is  a  3-path  configuration  connecting  a 
node  in  {a,c,  c,^}  and  a  node  in  {b,d,f,h}.  □ 

Let  u  be  a  node  in  Sac^S^g  and  consider  the  following  classification  of  the 
paths  in  the  family  ^^(E)  of  direct  connections  between  v  and  T,  avoiding 
the  set  S  \  {u}.  When  no  confusion  arises,  we  write  instead  of  P„(E). 
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Classification  2.4  Let  P  =  Xi,  X2»  •  •  •  j  be  a  direct  connection  in  Vv  where 
Xi  is  adjacent  to  v  and  x„  is  adjacent  to  a  node  in  T. 

•  P  is  attached  if  x„  is  adjacent  to  a  node  in  TbUTdUTjUTh  . 

•  P  is  detached  if  Xn  is  not  adjacent  to  any  node  in  Tt  U  Id  U  T/  U 
Hence  x„  is  adjacent  only  to  nodes  in  Tbd  U  T//,. 

The  above  classification  induces  a  classification  of  the  strongly  adjacent  nodes 
of  Type  b[2.1]: 

Classification  2.5  Let  u  €  5ac  U  Seg. 

•  Node  V  is  attached  if  v  has  at  least  one  attached  direct  connection  in 
Vv. 

•  Node  V  is  detached  if  Vv  is  nonempty  and  all  the  direct  connections  in 
Vv  are  detached. 

•  Node  V  is  separable  if  Vv  empty. 

Similarly,  each  node  tn  €  Tw  U  T//,  is  classified  as  attached,  detached, 
separable,  based  on  the  direct  connections  in  Vw  between  w  and  S',  avoiding 

r\M. 

In  the  remainder  of  this  section  we  study  properties  of  a  direct  connection 
P  =  Xi,i2? .  ..,Xn'ynVv  and  we  assume  that  t;  €  Sac  and  that  xi  is  adjacent 
to  V. 

Definition  2.6  A  direct  connection  P  =  xi,X2,...,x„  in  Vv  is  minimal  if, 
in  the  subgraph  induced  by  the  nodes  in  V{P)  U  V{E),  no  direct  connection 
P'  €  Vv  exists,  such  that 

V{P')  \  V(S)  C  V{P)  \  K(S) 

Remark  2.7  The  following  properties  hold  for  a  minimal  direct  connection 
in  Vv 

•  If  V  is  detached,  then  every  direct  connection  in  Vv  is  minimal. 

•  Let  P  =  xi,  X2, . . . ,  Xn  be  a  minimal  direct  connection,  and  let  xj  be  the 
node  with  highest  index  in  V{P)  \  V(S).  Then  no  node  x^,  i  <  j  —  1  is 
adjacent  to  a  node  in  ^(2)  \  {a,c,  e,^}. 
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Lemma  2.8  Let  v  6  Sac  be  an  attached  node,  and  let  P  =  xi,X2,. . .  ,Xn  be 
an  attached  minimal  direct  connection  in  Vv,  where  x„  is  adjacent  to  a  node 
t  €  Tfc  U  Tj  U  T/  U  T/i  and  Xj  is  the  node  of  highest  index  in  V{P)  \  ^(2). 
Then  the  following  holds: 

(i)  Node  t  belongs  to  Ti,  U  Tj,  say  t  6  Tb. 

(ii)  The  nodes  of  N{xj)  fl  V(S)  are  contained  in  Pi. 

(iii)  Node  a  is  adjacent  to  at  most  one  node  x,-,  i  <  j  and  no  node  x,-,  i  <  j 
is  adjacent  to  a  node  in  the  set  {c,e,g}. 

(iv)  Node  x„  cannot  be  adjacent  to  a  node  t  £Tb  and  to  a  node  t'  €Td. 

Proof:  Since  P  is  a  minimal  direct  connection  in  no  node  x/,  1  <  /  < 
i  —  1  is  adjacent  to  a  node  in  V'(E)  \  {a,c,e,g}.  We  now  divide  the  proof 
into  the  following  claims: 

Claim  1  If  Xj  is  strongly  adjacent  to  E  and  is  of  Type  c[2.1],  then  no 
node  Xj,  i  <  j  is  adjacent  to  a  node  in  the  set  {a,c,e,g}. 

Proof  of  Claim  1:  Assume  that  Xj  has  a  neighbor  zi  in  A  and  Z2  in  A- 
Let  Xj,  i  <  j  be  the  node  of  highest  index  adjacent  to  a  node  x*  €  {a,  c,  e,g). 
If  X*  =  e,  the  following  three  paths  induce  a  ZPC{b,e). 


Qi  —  b,  f ,  P2,  e  Q2  —  b,  h,  P^,g,c, e  5  —  b, . . . ,  zi,  Xj,  P tfXii c 

Similarly,  if  x*  =  g,  There  is  a  3PC(b,g). 

If  X*  =  a,  then  Zi  is  adjacent  to  a,  else  there  is  a  3PC(zi,a).  Now  let  Q  be 
the  shortest  path  from  Xj  to  e,  using  intermediate  nodes  in  V^(Pxi_ix,)  U  {v}. 
Then  the  hole  II  =  xj,  Pj;,xi  y  Xi,  Q,  e,  P3,  /,  6, . . . ,  ^i,  x^  induces  a  wheel  with 
center  a. 

If  X*  =  c,  the  proof  follows  by  symmetry  and  if  Xj  has  a  neighbor  in  A 
ajid  a  neighbor  in  P4,  the  proof  is  identical. 

Claim  2  The  set  N(xj)  fl  V"(E)  is  contained  in  one  of  the  sets  V{Pi), 
V{P2),  V{P^),  V{P,). 

Proof  of  Claim  2:  Assume  the  contrary  holds.  Then,  by  Theorem  2.1  and 
the  fact  that  Xj  ^  SU  T,  node  Xj  is  of  Type  c(2.1].  Assume  that  node  Xj  has 


6 


Figure  3: 

neighbors  zi  6  A  anci  ^  Pi-  By  Claim  1,  the  following  three  paths  induce 
a  3PC(c,  Xj),  see  Figure  3(a). 

Q\  ~  w,  Xj,  Px\X] 5  Qi  ~  •  •  • » Qs  ~  e,  c, . . , ,  Zif  Xj 

Assume  now  that  Xj  has  neighbors  23  €  P3  and  Z4  6  A>  see  Figure  3(b). 
Then  v  and  Xj  are  not  adjacent,  else  there  is  a  wheel  with  center  Xj.  Now, 
by  Claim  1,  there  is  a  3PC(v,Xj). 

Claim  3  Let  z  be  a  node  in  {b,d,f,h},  Pi  €  {Pi,P2>  AjA)  ihe  path 
whose  endnode  is  z  and  let  w  €  {a,c,e,g}  the  other  endnode  of  Pi .  Ift^Tg, 
then  no  node  x/,  /  <  j  —  1  can  be  adjacent  to  a  node  ofVfE)  \  {ty}. 

Proof  of  Claim  3:  Assume  that  t  ^  Th  and  that  P  contains  a  node  x,, 
t  <  j,  adjacent  to  a  node  in  the  set  {a,c,e}.  Let  x/  be  the  node  of  highest 
index,  adjacent  to  a  node  in  the  set  {a,c,  e}.  As  a  consequence  of  Claim  2, 
the  set  N{xj)  H  V(I))  is  contained  in  Pj  (possibly,  N{xj)  D  V(S)  is  empty 
when  j  =  n).  If  xi  is  adjacent  to  a  or  c  there  is  a  3PC(t,a)  or  a  3PC(<,c). 
If  X(  is  adjacent  to  e,  there  is  a  3PC(e,</).  If  <  €  If,  U  U  7/,  the  proof  is 
identical. 

We  now  prove  Part  (i)  of  Lemma  2.8:  Assume  t  €  7/  U  Th,  say  t  belongs 
to  Tj,  see  Figure  4(a).  Then  by  Claim  2,  the  set  N{xj)  n  V(S)  is  contained 
in  P3  and  by  Claim  3,  no  node  X{,  /  <  j,  is  adjacent  to  a  node  in  the  set 
{a,c,iy}.  Then  the  following  three  paths  induce  a  3PC{b,g). 

Qi  =  b,t,P,v,g  Qi  =  b,Pi,a,g  Q3  =  b,h,P4,g 
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Figure  5:  Attached  direct  connections 

Part  (ii)  now  follows  from  Part  (i)  and  Claim  2.  Part  (iii)  follows  from 
the  assumption  that  the  graph  contains  no  wheel  and  Claim  3. 

We  finally  prove  Part  (iv).  It  follows  from  Part  (iii)  that  no  intermediate 
node  of  P  is  adjacent  to  a  node  in  S.  This  shows  the  existence  of  a  3PC{t,g), 
see  Figure  4(b).  □ 

Remark  2.9  Lemma  2.8  shows  that,  up  to  symmetry,  Figure  5  depicts  all 
the  possible  attached  direct  connections  in  Vy,  where,  in  Figure  5(a),  node  a 
may  not  be  adjacent  to  a  node  Xi  of  P  and  node  Xj  may  have  two  neighbors 
in  Pi. 

We  now  characterize  detached  direct  connections  in  where  u  is  a 
detached  node. 
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Lemma  2.10  Let  P  =  Xi,X2,...,Xn  be  a  direct  connection  in  Vv,  where 
Xi  is  adjacent  to  a  detached  node  v  €  Sac  ond  is  adjacent  to  a  node 
t  €  7m  U  Tfh-  Then  P  satisfies  the  follotving  properties; 

•  No  node  x,-,  1  <  t  <  n  is  adjacent  to  a  node  in  S. 

•  Node  t  belongs  to  Tm- 

Proof:  Since  t;  is  a  detached  node,  then  no  node  x,,  1  <  i  <  n  is  adjacent  to 
a  node  in  V"(E)  \  {a,c,  e,^}.  Let  x/  be  the  node  with  highest  index  adjacent 
to  a  (unique)  node  in  the  set  {a,c,  Assume  t  €  Tm-  If  x/  is  adjacent  to 
a  or  c,  there  is  a  ZPC{a,f)  or  a  ZPC{c,f).  If  x/  is  adjacent  to  e  or  g,  there 
is  a  3PC{e,t)  or  a  ZPC(g,t).  If  t  €  7//,,  the  proof  is  identiccil.  Hence  the 
first  part  of  the  lemma  follows.  The  second  part  now  follows  immediately, 
for,  if  t  €  T/a,  there  is  a  ZPC{b,g).  □ 

3  Bicliques  in  Connected  Squares 

Definition  3.1  Consider  the  following  node  sets,  associated  to  connected 
squares  S; 

•  5'(E)  =  5oU5cU5eU5jU{x  e  Sac^Seg  :  X  is  attached  }U{x  e  5oc :  x 
is  detached  }.  When  no  confusion  arises,  we  write  S'  instead  of  5'(E). 

•  S"  =  5a  U  5c  U  5e  U  5g  U  {x  6  Sac  U  Seg  '•  X  is  attached  }  U  {x  €  5ej  :  x 
is  detached). 

•  T'  =  TtUTjUTfUThU  {x  €  Tm  U  T/a  :  x  is  attached  }  U  {x  €  Tm  :  x 
is  detached]. 

•  T"  =  Ta  U  Ti  U  T/  U  Ta  U  {x  €  Tm  U  T/a  :  X  is  attached  }  U  {x  €  T/a  :  x 
is  detached). 

•  5*  =  5'  U  5"  =  5  \  {x  €  Sac  U  5eg  :  X  is  separable). 

•  T*  =  T' UT"  =  T  \  {x  €  Tbd  U  T/a  :  x  is  separable). 

We  denote  by  AV(E),  AV(S),  AV.(E)  the  sub¬ 

graphs  of  G  induced  by  the  above  node  sets.  Again,  when  no  confusion  is 
possible,  we  write  Ks'  instead  of  A's'(S). 
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The  goal  of  this  section  is  to  prove  the  following  theorem: 

Theorem  3.2  Each  of  the  subgraphs  Ks>,  Ks",  Kt>,  Kt"  is  a  biclique  in 
connected  squares  E. 

Furthermore,  Ks*  is  a  biclique  if  and  only  if  Kt‘  is  a  biclique. 

The  following  lemmas  show  that  new  connected  squares  can  be  obtained 
from  E  by  replacing  two  paths  from  {Pi,P2,  P3,  P4}  by  (attached  or  detached) 
minimal  direct  connections.  All  the  combinations  of  pairs  of  paths  needed 
for  the  proof  of  Theorem  3.2  will  be  considered  in  the  lemmas. 

Definition  3.3  Let  x  be  a  node  in  Sa  \  {a}.  Then  x  belongs  to  a  unique 
connected  squares  E*,  such  that  V(E*)  \  V(E)  =  {x}.  Connected  squares  E* 
is  said  to  be  obtained  from  E  by  substitution  of  node  a  with  node  x.  When 
X  —  a,  it  will  be  convenient  to  write,  by  extension,  that  E*  =  E  is  obtained 
by  substitution  of  node  a  with  node  x. 

Let  V  €  5oc(S)  be  an  attached  node,  having  minimal  attached  direct 
connection  P  =  xi,X2,...,x„  in  Vv,  where  x„  is  adjacent  to  a  node  t  G 
T6(E).  Then  Lemma  2.8  shows  the  existence  of  connected  squares  E*  = 
CS{v,P,t,  P2,  P3,  P4).  Then  E*  is  said  to  be  obtained  from  E  by  substitu¬ 
tion  of  path  Pi  with  v,P,t. 

Remark  3.4  Let  v  €  5ac(S)  and  t  €  Tm(S)  be  two  detached  nodes  linked 
by  a  detached  direct  connection  P  in  Vy.  Then  Lemma  2.10  shows  the 
existence  of  connected  squares  E*  =  CS{v,P,t,  P2,  P3,  P4)  and  E**  = 
CS{Pi,v,  P,t,  P3,  P4)  obtained  from  E  by  substituting  respectively  Pi  with 
V,  P,  t  and  P2  with  v,P,t. 

Furthermore  P  is  a  direct  connectiou  in  both  Vy  and  Vt. 

Lemma  3.5  Let  u  G  5„(E)U5c(E)ur6(E)UTi(E)  and  v  G  5e(E)U5,(E)U 
T/(E)  U  7fc(E).  W.l.o.g.  assume  u  G  5o(E)  and  v  G  5e(E)  U  7/(E). 

Let  Eu  be  the  connected  squares  obtained  from  E  by  substituting  node  a 
with  u.  Then  connected  squares  E„„  can  be  obtained  from  Eu  by  substituting 
a  node  ofT.y  with  v.  Furthermore,  ifl^„u  is  defined  by  substituting  first  node 
V  and  then  node  u,  then  Euu  and  E„u  coincide. 

Proof:  We  show  that  u  and  i;  are  adjacent  if  and  only  if  both  u  and  v  belong 
to  either  5(E)  or  ^(E).  If  t;  G  5e(E),  then  «  and  v  are  adjacent,  else  there  is 
a  3PC{c,f).  If  u  G  T/(E),  then  u  and  v  are  adjacent,  by  Lemma  2.3.  Now 
the  proof  follows.  O 
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Lemma  3.6  Let  u  be  a  node  in  5a(II)  and  P  be  a  minimal  direct  connection 
in  V„  between  an  attached  node  v  €  Seg{^)  and  a  Type  a[2.1]  node  w  G  7/(E). 
Let  Eu  be  obtained  from  E  by  substituting  a  with  u  and  E„  be  obtained  from 
E  by  substituting  P3  with  v,P,w.  Then  u  can  be  substituted  for  a  in  E„  and 
V,  P,  w  can  be  substituted  for  P3  in  E^  and  the  two  connected  squares  thus 
obtained  coincide. 

Proof:  We  show  that  u  is  adjacent  to  v  and  u  is  not  adjacent  to  a  node  in 
{w}UV{P). 

By  Lemma  2.3,  nodes  u  and  w  are  nonadjacent.  Node  u  is  adjacent  to  v 
and  is  not  adjacent  to  a  node  of  P,  otherwise  u  is  a  strongly  adjacent  node 
in  E„,  not  satisfiying  Theorem  2.1.  □ 

Lemma  3.7  Let  P  be  a  minimal  direct  connection  in  'P„  between  an  attached 
node  u  €  5ac(E)  and  t  €  76(E).  Let  Q  be  a  minimal  direct  connection  in  Vv 
between  an  attached  node  v  €  5es(E)  and  w  G  7/(E).  Let  E^  be  obtained  from 
E  by  substituting  Pi  with  u,P,t.  Let  be  obtained  from  E  by  substituting 
P3  with  V,  Q,  w. 

Then  v,Q,w  can  be  substituted  for  P3  in  E„  and  u,P,t  can  be  substituted 
for  Px  in  E«  and  the  two  connected  squares  thus  obtained  coincide. 

Proof:  We  show  that  u  and  v  are  adjacent,  t  and  w  are  adjacent,  and  no 
other  adjacency  exists,  between  nodes  in  {u,t}  U  V{P)  and  {u,u;}  U  V’(Q). 
We  first  prove  the  following  claim: 

Claim  Nodes  t  and  w  are  adjacent.  Node  t  is  not  adjacent  to  a  node  in 
V{Q)  U  {v}.  Node  w  is  not  adjacent  to  a  node  in  V{P)  U  {u}. 

Proof  of  Claim:  The  first  part  of  the  claim  follows  from  Lemma  3.5. 
Assume  that  t  is  adjacent  to  a  node  in  V{Q)  U  {u}.  Then  <  is  a  strongly 
adjacent  node  in  E„,  violating  Theorem  2.1.  The  proof  of  the  claim  is  now 
complete  by  symmetry. 

Now  node  u  cannot  have  a  neighbor  in  V{Q)  U  {u;},  else  it  is  a  strongly 
adjacent  node  in  E„,  violating  Theorem  2.1.  Similarly,  v  cannot  have  a 
neighbor  in  K(P)  U  {<}. 

Let  E*  be  the  connected  squares  obtained  by  substituting  6  with  t  and  / 
with  w. 

No  node  of  P  is  adjacent  to  a  node  of  Q,  else  it  or  v  is  attached  in  E*, 
having  a  minimal  direct  connection  in  or  Vv  not  satisfying  Lemma  2.8. 
Finally  u  and  v  are  adjacent,  else  there  is  a  3PC(e,i)-  ^ 
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Lemma  3.8  Let  u  be  an  attached  node  in  5ac(E),  having  minimal  direct 
connection  P  in  Vu  to  a  node  t  €  16(E).  Let  v  €  Seg{T,)  be  a  detached 
node,  having  direct  connection  Q  in  V„  to  a  node  w  G  T/6(S).  Let  S„  be 
obtained  from  S  by  substituting  Pi  with  u,P,t.  Let  S„  be  obtained  from  S 
by  substituting  P3  with  v,Q,w.  Then  v,Q,w  can  be  substituted  for  P3  in  S„ 
and  u,  P,  t  can  be  substituted  for  Pi  in  S„  and  the  two  connected  squares  thus 
obtained  coincide. 

Proof:  Again,  we  show  that  u  and  v  are  adjacent,  t  and  w  are  adjacent 
also,  and  no  other  adjacency  exists  between  nodes  in  {«,<}  U  V{P)  and 
{«,«;}  U  V{Q). 

Let  Ej  be  the  connected  squares  obtained  fron  E  by  substituting  6  with 
t. 

Then  nodes  t  and  v  are  not  adjacent,  else  is  a  strongly  adjacent  node 
in  Et,  violating  Theorem  2.1.  If  t  is  not  adjacent  to  u;  or  if  t  is  adjacent  to 
a  node  of  Q,  then  node  v  is  an  attached  node  in  Ej,  having  minimal  direct 
connection  in  violating  Lemma  2.8.  Hence  t  is  adjacent  to  w  and  t  is  not 
adjacent  to  any  node  in  {u}  U  V{Q). 

Now  u  is  adjacent  to  v,  and  no  other  adjacency  exists,  between  the  nodes 
in  V(P)  U  {«}  and  V(Q)  U  {u,w},  else  w  is  an  attached  node  in  Eu,  having 
an  attached  minimal  direct  connection  in  not  satisfying  Lemma  2.8.  □ 

Lemma  3.9  Let  u  be  a  node  in  5a(E).  Let  v  €  5’ep(E)  be  a  detached  node, 
having  direct  connection  P  in  to  a  node  w  €  7//,(E).  Let  E„  be  obtained 
from  E  by  substituting  a  with  u.  Let  E„  be  obtained  from  E  by  substituting 
P3  with  v,P,w.  Then  v,P,w  can  be  substituted  for  P3  in  E„  and  u  can  be 
substituted  for  a  in  E„  and  the  two  connected  squares  thus  obtained  coincide. 

Proof:  If  «  is  adjacent  to  w,  node  w  violates  Theorem  2.1  in  E„.  If  u 
is  adjacent  to  P,  the  node  w  h^ls  an  attached  direct  connection,  violating 
Lemma  2.8.  If  u  is  not  adjacent  to  v,  there  is  a  3PC{b,e).  □ 

Lemma  3.10  Let  u  be  a  detached  node  in  5ac(E),  having  direct  connection 
P  in  'Pu  to  a  node  t  £  Tbd{^)-  Let  v  £  Seg{T^)  br  a  detached  node,  having 
direct  connection  Q  in  to  a  node  w  £  Tfh(S).  Let  E„  be  obtained  from  E 
by  substituting  Pi  with  u,P,t.  Let  S„  be  obtained  from  E  by  substituting  P3 
with  V,  Q,  w. 
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(i)  If  u  and  v  are  adjacent,  v,Q,w  can  be  substituted  for  P3  in  and 

u,  P,  t  can  be  substituted  for  Pi  in  Et,  and  the  two  connected  squares 
thus  obtained  coincide. 

(ii)  If  u  and  v  are  nonadjacent,  no  adjacency  exists  between  the  nodes  in 

{u,<}  U  V’(P)  and  {y,io}  U  V{Q). 

Proof:  By  Lemma  2.3,  nodes  u  and  w  are  nonadjacent.  If  w  is  adjacent  to 
P,  there  is  a  detached  direct  connection  in  Vw  which  violates  Lemma  2.10. 
By  symmetry,  t  is  not  adjacent  to  {u}  U  V(Q). 

If  u  and  V  are  adjacent,  then  t  is  adjacent  to  w,  else  there  is  a  3PC{c,u). 
This  proves  Part  (i). 

If  u  and  V  are  nonadjacent,  then  t  and  v  axe  nonadjacent,  else  there  is  a 
SPC{b,t).  This  proves  Part  (ii).  □ 

Proof  of  Theorem  3.8:  First  we  show  that  Ks'  is  a  biclique. 

Let  u  €  U  Sg.  Then  u  is  adjacent  to  every  node  in  Sa  U  Sc  by  Lemma 
3.5,  to  every  attached  node  in  Sac  by  Lemma  3.6  and  to  every  detached  node 
in  Sac  by  Lemma  3.9. 

Let  u  £  Seg.  Then  u  is  adjacent  to  every  attached  node  in  Sac  by  Lemma 
3.7  and  to  every  detached  node  in  Sac  by  Lemma  3.8. 

This  shows  that  Ks'  is  a  biclique.  By  symmetry,  Ks”  >  Kt>  and  Kt”  are 
bicliques.  The  last  statement  of  the  theorem  follows  from  Lemma  3.10.  □ 

4  A  Property  of  Bicliques 

Theorem  4.1  There  exist  connected  squares  E*  whose  induced  subgraphs 
Ks*  and  A'j.  are  both  bicliques. 

Proof:  In  this  proof,  when  we  say  that  nodes  x  and  y  are  linked  by  a  direct 
connection  P,  we  define  P  =  x,P,y.  Let  E“  =  CS{Pi,P^,P^,P^)  be  con¬ 
nected  squares  with  /^  =  a°, . . . , 6°,  P2  =  P°  =  e'^,...,f°,  P4  = 

g°,...,h9.  If  Ks*{Ti°)  is  not  a  biclique  then,  by  Theorem  3.2  and  Lemma 
3.10,  there  exist  one  pair  of  detached  nodes  a*  €  5aOco(E°),  and  6^  €  r(,ojo(E°) 
linked  by  a  direct  connection  in  'P„i(E°)and  another  pair  of  detached 
nodes  g^  €  5eOjo(E®)  and  h^  €  rjOfco(E®)  linked  by  a  direct  connection  Pi  in 
Vgx{TP)  such  that  no  adjacency  exists  between  the  nodes  of  P^  and  Pi,  see 
Figure  6. 
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Figure  6: 

Let  E*  be  the  connected  squares  obtained  by  substituting  in  E“  the  path 

with  the  path  P^.  If  A'5.(S‘)  is  not  a  biclique,  then  in  there  exist 
a  detached  node  €  5oico(S'),  having  direct  connection  P^  in  P^2{S‘)  to 
a  detached  node  €  TbijaCE^)  and  a  detached  node  €  5eOgo(S^),  having 
direct  connection  P^  in  Pg2{E‘)  to  a  detached  node  h}  G  Tpho{T})  such 
that  no  adjacency  exists  between  the  nodes  of  P^  and  P^.  Note  that,  at  this 
stage,  we  are  not  ruling  out  =  a°. 

By  Lemma  3.10,  the  subgraph  induced  by  V’(E')  U  \JV{Pl)  has  no 
other  adjacencies  except  the  ones  shown  in  Figure  7. 

We  now  show  that  the  configuration  of  Figure  8  is  induced,  that  is,  the 
only  adjacencies  of  P^  and  P}  with  the  subgraph  of  Figure  7  are  depicted 
in  Figure  8.  In  other  words,  we  need  to  establish  the  adjacencies  between 
V{Pl)  and  V{Pl),  between  V{P^)  and  V’(Pj°),  between  V{P‘{)  and  V{P^) 
and  between  V{Pi)  and  V{P°). 

Note  that  h?  ^  h} ,  since  /12  is  adjacent  to  61  but  h\  is  not.  Furthermore 
h}  ^  since  /i°  is  adjacent  to  6^  but  h?  is  not.  The  same  argument  shows 
that  6^  ^  7^  9°  and  a}  ^  a*. 

Claim  1  Node  g"^  is  not  adjacent  to  any  node  in  V{Ff)  U  V{Pl)  \  {a®}. 
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Figure  7: 


Figure  8: 
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Figure  9; 


Proof  of  Claim  1:  Let  Ei  be  the  connected  squares  obtained  by  substi¬ 
tuting  in  E®  the  path  P®  with  P^.  Assume  that  node  has  a  neighbor  in 
P4.  Then  is  a  strongly  adjacent  node  in  Ej  and  by  Theorem  2.1  node 
g"^  €  5,1  (El).  Hence  g^  is  adjacent  to  a®.  Let  EJ  be  the  connected  squcires 
obtained  by  substituting  g^  with  g^  in  Ei.  Theorem  2.1  applied  to  EJ  shows 
that  g^  either  belongs  to  5,1  (EJ)  or  is  am  attached  node  in  5e0gi(Ej).  Since 
is  a  detached  or  an  attached  node  in  SJ,  Lemmas  3.6-3. 9  applied  to  EJ 
show  that  a}  amd  g^  are  adjacent,  a  contradiction. 

Finally,  node  g"^  cannot  have  a  neighbor  in  V{Ff)  \  {a®},  otherwise  g"^  is 
a  strongly  adjament  node  in  E®,  violating  Theorem  2.1. 

By  symmetry,  the  above  proof  shows  the  following: 

Claim  2  Node  is  not  adjacent  to  any  node  in  V’(i^)  U  V{P])  \  {6®}. 

Claim  3  No  node  of  Pf  is  adjacent  to  or  coincident  xvith  a  node  of  P^ . 
Proof  of  Claim  3:  Claims  1  and  2  show  that  no  node  of  P}  is  adjacent  to 
or  h}.  Let  x  €.  V{Pi)  and  y  €  V{Pf)  be  two  adjacent  or  coincident  nodes 
such  that  the  length  of  the  p'ar-subpath  of  P4  is  minimized  and  the  length  of 
the  A^y-subpath  of  P^  is  minimized.  Then  since  g^  amd  are  nonaidjacent, 
the  following  three  paths  induce  a  3PC'(c®,  6*),  see  Figure  9. 


Ql  =  c®,c®,^7^...,I,y,...,/l^6‘  Qj  =  e®,aSP‘,6*  Q3  =  e®,Po^/”,6' 


Claim  4  Nodes  y*  and  a®  are  adjacent  and  nodes  h}  and  IP  are  adjacent. 
Nodes  and  IP  are  nonadjacent  and  nodes  hP  and  a®  are  nonadjacent. 
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Figure  10: 


Proof  of  Claim  4:  Since  nodes  h^,  a°  and  b°  are  attached  or  detached  in 
connected  squares  Theorem  3.2  shows  that  nodes  and  are  adjacent 
if  and  only  if  nodes  and  6°  are  adjacent.  Assume  that  g^  and  a®  are 
nonadj2icent.  Then  the  following  three  paths  induce  a  ZPC{e°,<P): 


If  g^  and  6°  are  adjacent,  then  g^  is  a  strongly  adjacent  node  in  S°,  violating 
Theorem  2.1.  By  synunetry,  the  proof  is  now  complete. 

Note  that  Claim  4  implies  that  a*  ^  a®  and  ^  -^IP  . 

Claim  5  No  node  of  Pf  is  adjacent  to  or  coincident  with  a  node  of  P°. 
Proof  of  Claim  5:  Assume  not.  Then  in  S®,  node  g"^  or  h}  is  an  attached 
node  having  a  minimal  direct  connection  in  P,j(E®)  or  in  Vh^{TP)  violating 
Lemma  2.8. 


Claim  6  Nodes  a^  and  6^  are  not  adjacent  to  any  node  in  Pi . 

Proof  of  Claim  6:  Let  Ej  be  the  connected  squares  defined  in  the  proof 
of  Claim  1.  Node  6^  can  only  be  adjacent  to  in  Pi,  otherwise  6^  is  a 
strongly  adjacent  node  in  Ei,  not  satisfying  Theorem  2.1.  If  is  adjacent 
to  h^,  consider  the  chordless  cycle  H  =  lP,h},Pl,g^,(P,g‘^,Pl,h^,b^,p,b^, 
see  Figure  10.  Then  {H,  6®)  is  an  odd  wheel.  The  proof  for  follows  by 
symmetry. 

Claim  7  Nodes  a^  and  5^  are  not  adjacent  to  any  node  in  P^. 
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Proof  of  Claim  7:  Assume  by  contradiction  that  node  a}  has  a  neighbor 
in  Then  node  a^  belongs  to  5'a(E°).  Now  Lemma  3.9  applied  to  So  shows 
that  ajid  axe  adjacent,  a  contradiction. 

Claim  8  No  node  of  Pf  is  adjacent  to  a  node  in  Ff. 

Proof  of  Claim  8:  Assume  not.  Then  nodes  and  are  attached  nodes 
in  E°.  Again,  Lemma  3.8  applied  to  S®  shows  that  a^  and  or  6*  and  h? 
are  adjacent,  a  contradiction. 

Claim  9  No  node  of  Pf  is  adjacent  to  a  node  in  P^ . 

Proof  of  Claim  9:  Assume  not.  Then  nodes  a^  or  6^  are  detached  nodes 
in  S®  ,  having  minimal  direct  connections  in  7^as{S®)  or  in  Pi,z{E°)  violating 
Lemma  2.10. 

Claims  1-9  show  that  the  graph  of  Figure  8  is  induced. 

Starting  from  S®,  we  construct  a  sequence  of  connected  squares  E^,S^, 
. . . ,  E"~^,  S"  as  follows: 

If  Ks*  (E’~* )  and  Kt»  (E‘~*  )  are  not  bicliques,  there  exist  two  pairs  of  non- 
adjacent  nodes  o',  6*  and  g',h'  that  are  detached  in  E’“^  and  have  detached 
direct  connections  PI  and  P^  in  respectively. 

Connected  squares  E*  are  obtained  by  substituting  in  E‘“^  the  path  P[~^ 
with  P{.  Consider  now  the  following  property: 

Property  10  Every  E',  0  <  ?  <  n,  satisfies  the  following: 

10.1  Node  h'  is  adjacent  to  d®  and  to  the  nodes  IP  ,  0  <  j  <  i  -  1 

10.2  Nodeg'  is  adjacent  to  c®  and  to  the  nodes  a\  0  <  j  <  i  —  1 

10.3  Node  a*  is  adjacent  to  e®,^®  and  to  no  node  g^ ,  1  <  j  <  i 

10.4  Node  6’  is  adjacent  to  ft®,/®  and  to  no  node  h\  1  <  J  <  * 

10.5  No  node  ofV{P{)  U  V{P\)  is  adjacent  to  a  node  in  the  set 

U  np?)  U  v{p;)uv{Pi) 

i<i<4 


IS 


Figure  11: 

Claims  1-9  show  that  Property  10  holds  for  and  and  Figure 

11  shows  the  adjacencies,  according  to  Property  10,  between  nodes  ^  and 

0  <  /  <  4. 

Assume  that  E’~^  does  not  satisfy  the  theorem.  Hence  with  respect  to 
E*“*,  there  exist  two  pairs  of  nonadjacent  detached  nodes  o',  6'  and  g’,h’ 
having  direct  connections  and  in  ■poi(E'“^)  and  in  respec¬ 

tively.  We  inductively  assume  that  Property  10  holds  for  n  =  i  —  1  and  we 
show  the  following: 

Claim  11  The  nodes  in  the  set  V{P{)  U  V{P\)  satisfy  Property  10. 

Proof  of  Claim  11:  The  above  inductive  hypothesis  shows  that  for  all 
indices  I,  m  such  that  0</<m<i  —  1,  the  pairs  of  nodes  a"*,  6"*  and  </”*,  ft*" 
constitute  two  pairs  of  nonadjacent  detached  nodes  in  E^  having  detached 
direct  connections  Pf*  and  PJ^  in  ■Po’"(S*)  and  in  ‘Pjm{E*)  respectively.  Hence 
E”*  is  also  obtained  from  E*  by  substituting  F/  with  P^. 

This  implies  that  nodes  and  constitute  two  pairs  of 

nonadjacent  detached  nodes  with  respect  to  E^  for  all  0  </<  *  —  1.  Hence 
the  graph  induced  by  the  node  set 

V(E')  U  V(F,‘-‘)  U  V(Fr*)  U  U  V{Pi) 

is  isomorphic  to  the  graph  of  Figure  8  induced  by  the  node  set  V(E°)  U 
V{Pl)  U  V{Pl)  U  V{P^)  U  V{P}).  Hence  by  applying  Claims  1-9  to  G‘,  we 
have  that  Properties  10.1,  10.2  hold.  Furthermore  Properties  10.3  and  10.4 
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hold  for  j  =  i  —  1,  and  Property  10.5  holds  except  for  the  adjacencies  between 
nodes  of  V{Pl)  U  ^(jP^)  and  the  nodes  in  the  set  Ui<j<f-2 

This  implies  that  nodes  a‘,6‘  and  ^‘,h*  constitute  a  pair  of  nonadjacent 
detached  nodes  with  respect  to  for  all  0  <  j  <  t  —  1.  Hence  by  applying 
Claims  1-9  to  the  graph  induced  by  the  nodes  V(S°)UV(Pj/)UV(Fj)UV(Pi)U 
V{Pl)  we  have  that  no  node  of  V{Pl)  U  ViP^)  is  adjacent  to  a  node  in  the 
set  Ui<j<.-2  ^{PD-  This  completes  the  proof  of  Property  10.5.  Furthermore 
Properties  10.3  and  10.4  hold  for  all  I  <  j  <  i  —  2.  This  proves  Claim  11. 

The  proof  of  the  theorem  is  now  complete  by  finiteness  of  the  graph, 
since  an  unlimited  sequence  of  connected  squares  E°, . . . ,  S‘, . . . ,  S"  implies 
an  unlimited  growth  in  the  size  of  the  node  set  of  the  graph.  □ 

5  Biclique  Cutsets  and  2-Joins 

Throughout  this  section  we  assume  that  connected  squares  S  =  CS(Pi,P2, 
Pz,P4)  satisfy  Theorem  4.1.  That  is,  both  subgraphs  Ks*  and  Kt*  are  bi¬ 
cliques. 

Theorem  5.1  If  connected  squares  E  contain  a  separable  node  v,  then  Ks» 
or  Kt  is  a  biclique  cutset,  separating  v  from  E. 

Proof:  By  definition,  no  direct  connection  between  v  and  T  avoids  S  \  {u}. 
Let  xic  be  the  node  of  5  \  {u}  with  highest  index  in  a  direct  connection 
P  =  Xi,X2,  ■  ■ .  ,Xn  between  v  and  T.  Then  Xk  either  belongs  to  SaUScUSeliSg 
or  is  an  attached  or  detached  node  in  Sac  U  Seg.  Hence  Xk  belongs  to  5*.  □ 

We  now  further  assume  that  connected  squares  E  contain  no  separable 
node.  Hence  5=5*  and  T  ■=  T*,  We  define  G*{V,E*)  to  be  the  partial 
subgraph  obtained  from  G{V,  E)  by  removing  the  edge  set  E{Ks)  U  E{Kt). 

Definition  5.2  Let  5=  =  5  n  V",  5'  =  5  D  V"  and  T"  =  T  D  V^,  = 

Tn  V.  Let  be  the  set  of  nodes  which  belong  to  at  least  one  minimal  direct 
connection  in  Vy  from  a  node  v  in  5‘^U7’'^  and  lei  =  W‘^US‘^UT‘^.  Similarly, 
let  W  be  the  subset  of  nodes  in  at  least  one  minimal  direct  connection  from 
a  node  in  5'  U  T'  and  let  Z*"  =  W  U  5’’  U 

Lemmas  3.5-3.10  show  the  following: 
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Remark  5.3  For  every  pair  of  nodes  u  ^  and  v  €  Z'' ,  there  exist  the 
follovoing  connected  squares: 

S“  with  the  folloxoing  properties: 

•  Connected  squares  S“  are  obtained  from  E  =  C5(Pi,  P2,  P3,  P4)  by  sub¬ 
stituting  at  most  one  path  Pi  or  P^  with  a  path  P“. 

•  Node  u  belongs  to  P“. 

E*'  with  the  following  properties: 

•  Connected  squares  E"  are  obtained  from  E  =  C5(Pi,  P2,  P3,  P4)  by  sub¬ 
stituting  at  most  one  path  P3  or  P4  with  a  path  P". 

•  Node  V  belongs  to  P". 

E“"  with  the  following  properties: 

•  Connected  squares  E“"  are  obtained  from  E  =  C5(Pi,P2,P3,P4)  by 
substituting  at  most  one  path  Pi  or  P2  with  a  path  P“  and  at  most  one 
path  P3  or  P4  with  a  path  P". 

•  Node  u  belongs  to  P“  and  node  v  belongs  to  P". 

Lemma  5.4  The  node  sets  and  Z^'  satisfy  the  following  properties: 

•  In  G*{y,E*),  no  node  of  Z^  is  adjacent  to  or  coincident  with  a  node  of 
Z". 

•  In  G*{V,E*),  no  node  w  ^  Z‘  U  Z^  is  adjacent  to  a  node  in  Z^  and  a 
node  in  Z’’. 

Proof:  The  first  part  of  the  lemma  follows  directly  from  Remark  5.3. 

Assume  that  a  node  w  ^  Z^  (J  Z^  is  adjacent  to  a  node  u  in  Z'^  and  a 
node  V  in  Z'.  Node  w  is  not  strongly  adjacent  to  E,  else  w  €  5(E)  U  r(E), 
contradicting  the  assumption  tv  ^  Z"^  U  Z".  Let  E“  =  C5(P“,  P2,  P3,  P4), 
E"  =  C'5(Pi,P2,P’',P4)  and  E“"  =  C S{P'‘ ,  P2,  P'' ,  P4)  be  connected  squares 
defined  in  Remark  5.3  where  w.l.o.g.  we  aissume  that  Pi  is  substituted  with 
P“  and  P3  is  substituted  with  P".  Theorem  2.1  shows  that  node  w  is  a.  Type 
a[2.1]  node  in  E“”.  This  shows  that  «;  is  a  strongly  adjacent  node  in  E“  or 
in  E®,  violating  Theorem  2.1.  □ 
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Theorem  6.5  Let  H  be  a  connected  squares.  If  E{Ks)  U  E{Kt)  is  not  a  2- 
join  of  G  and  neither  Ks  Kt  is  a  biclique  cutset  of  G,  then  there  exists 
a  path  P  =  xi,  xj, . . . ,  x„,  n  >  1  with  at  least  one  of  the  following  properties: 

•  The  path  P  is  a  direct  connection  between  and  Z^\T'' ,  avoiding 

U  T’’  such  that  no  node  Xj,  I  <  i  <  n  is  adjacent  to  a  node  in  7’’’. 

•  The  path  P  is  a  direct  connection  between  Z^\S‘^  and  Z''\T^,  avoiding 
5*^  U  T^  such  that  no  node  Xj,  1  <  i  <  n  w  adjacent  to  a  node  in  S‘^. 

•  The  path  P  is  a  direct  connection  between  Z‘\T'^  and  Z'"  \5’’,  avoiding 
T®  U  5’'  such  that  no  node  x,-,  1  <  i  <  n  ts  adjacent  to  a  node  in  T^. 

•  The  path  P  is  a  direct  connection  between  Z’^\T'^  and  Z^\S'' ,  avoiding 
T'^  U  5'  such  that  no  node  Xj,  1  <  i  <  n  ts  adjacent  to  a  node  in  5’’. 

Proof:  By  Lemma  5.4  no  node  of  Z‘^  is  adjacent  to  or  coincident  with  a  node 
of  Z^.  Hence  since  E{Ks)^E{Kt)  is  not  a  2-join,  there  exists  in  G*(V,  E*)  a 
direct  connection  P  =  xj, X2, . . . ,  x„  between  Z'^  and  Z’’,  where  xi  is  adjacent 
to  a  node  in  Z^  and  Xn  is  adjacent  to  a  node  in  Z’’.  Furthermore  Lemma  5.4 
shows  that  n  >  1. 

If  (iV(xi)U7V(xn))n(Z^UZ’')  ^  5and  (Ar(xi)uyV(x„))n(Z^UZO  %  T, 
then  P  belongs  to  at  least  one  of  the  above  four  families  of  direct  connections 
and  we  are  done.  So  assume  w.l.o.g.  that  {N{xi)  U  N{xn))  H  (Z*^  U  Z’’)  C  5, 
that  is,  the  set  N{xi)  D  (Z'  U  Z'’)  is  contained  in  and  the  set  A^(x„)  D 
(Z*^  U  Z’’)  is  contained  in  S'". 

Since  Ks  is  not  a  biclique  cutset,  separating  P  from  Z'^UZ’’,  there  exists  a 
direct  connection  Q  =  yi,y2> •  •  •  ,ym  between  V{P)  and  Z'^UZ’’  ajid  avoiding 
5,  where  yi  is  adjacent  to  a  node  in  V{P)  and  pm  is  adjacent  to  a  node  in 
Z^  U  Z’’.  Note  that  for  all  1  <  z  <  m,  we  have  that  N{yi)  fl  (Z*^  U  Z*")  C 
S.  Since  Lemma  5.4  shows  that  j/m  cannot  be  adjacent  to  a  node  in  Z^ 
and  a  node  in  Z*",  we  assume  w.l.o.g.  that  N{ym)  H  (Z*^  U  Z^)  C  Z^  and 

yv(y„.)n(z^uzo\5^0. 

If  some  node  of  Q  is  adjacent  to  a  node  in  5^,  let  yi  ^  j/m  be  such  a 
node  with  highest  index.  Then  the  -subpath  of  Q  is  a  direct  connection 
between  Z*^  \  T‘^  2md  Z^  \  S'' ,  avoiding  T‘^G  S' .  Note  that  by  construction, 
an  intermediate  node  of  such  subpath  can  not  be  adjacent  to  a  node  in  T'^. 
Hence  the  theorem  follows. 
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If  no  node  j/i,  1  <  z  <  m  in  Q  is  adjacent  to  a  node  in  5*^,  let  Xj  be 
the  node  of  P,  adjacent  to  j/i  €  V{Q)  such  that  the  length  of  the  XiXj- 
subpath  P\j  of  P  is  the  shortest.  Then  the  path  R  =  Xi,Pij,Xj,yi,Q,ym  is 
a  direct  connection  between  \  and  \S'’,  avoiding  T‘^  U  5'  such  that 
no  intermediate  node  in  R  is  adjacent  to  a  node  in  T^.  □ 

We  now  assume  w.l.o.g.  that  P  =  xi,X2,---,a;ru  n  >  1  is  a  direct 
connection  between  Z'^  \  S‘  and  Z^  \  T’’,  avoiding  S'^  U  T’’  such  that  no  node 
Xi,  1  <  z  <  n  is  2idjacent  to  a  node  in  7’’’. 

Lemma  5.6  If  X\  is  adjacent  to  a  node  o/ V(E)  \  {a,c},  let  u  he  such  a 
neighbor  of  xj.  Otherwise  let  u  be  a  neighbor  of  xj  zn  Z‘  \ 

Ifxn  is  adjacent  to  a  node  of  V{Il)  \  {f,  h}  let  v  be  such  a  neighbor  ofxn- 
Otherwise  let  v  be  a  neighbor  of  x„  in  Z*"  \  r’'(E). 

Let  E“  =  C5(P“,P2,P3,P4),  E"  =  C5(Px,  P2,  P",  P4),  E“‘'  =  C5(P“,P2, 
P",P4)  be  connected  squares  obtained  from  E  =  C S{Pi,  P21 P3,  P4)  as  in  Re¬ 
mark  5.S,  where  we  assume  w.l.o.g.  that  Pi  is  substituted  with  P“  and  P3  is 
substituted  with  P".  Then  the  following  holds: 

(i)  Either  Xi  is  a  Type  c[2.1]  node  in  E”"  and  E“  =  E  (i.e.  the  path  P“ 

coincides  with  Pi),  or  the  set  N{xi)  H  V(E“")  is  contained  in  P“. 

(ii)  Either  x„  is  a  Type  c[2.1]  node  in  E”"  and  E"  =  E  (i.e.  the  path  P’' 

coincides  xoith  P3),  or  the  set  N{xn)  H  V(E“")  is  contained  in  P". 

(iii)  The  set  N{xi)  fl  K(E"’')  C  {a“,c}  for  every  node  x,,  \  <  i  <  n  of  P, 
where  a“  =  V'(P'‘)  fl  S. 

Proof:  We  prove  Part  (i).  Assume  A^(xi)  D  (V(E)  \  {a,c})  /  0.  Then  xi 
cannot  be  a  Type  a[2.1]  or  a  Type  b[2.1]  strongly  adjacent  node  to  E,  else 
xi  €  5(E)ur(E).  Hence  Theorem  2.1  shows  that  either  the  set  7V(xi)nV(E) 
is  contained  in  Pi  =  P“  or  xi  is  a  Type  c{2.1]  strongly  adjacent  node  to  E 
and,  by  construction,  E“  =  E. 

Assume  A^(xi)n(V(E)\{a,c})  =  0  and  jV(xi)n{a,c}  =  {a}  or  {c},  say 
jV(xi)  n  {a,c}  =  {a}.  Let  u  €  N{xi)  n  (Z®  \  5'^(E))  be  a  node  belonging  to 
a  direct  connection  R  in  V^,  between  a  node  w  G  5(E)  and  t  €  T(£).  If  Pi 
can  be  substituted  with  w,R,t,  then  (i)  follows.  If  Pi  cannot  be  substituted 
with  w,R,t,  then  P2  can  be  substituted  with  iv,R,t. 
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Let  S“  be  the  connected  squares  obtained  with  the  above  substitution. 
Then  X\  is  a  strongly  adjacent  node  in  E“,  violating  Theorem  2.1. 

Finally,  if  N{x^)  n  (V(E)  \  {a,c})  =  0  and  N(i,)  n  {a,c}  =  0,  by  con¬ 
struction,  node  X\  has  no  neighbors  in  P^-  This  completes  the  proof  of  Part 

(i). 

Part  (ii)  follows  by  symmetry.  Now,  by  assumption,  for  every  node 
x,,  1  <  t  <  n,  the  set  N[xi)  H  U  Z'')  is  contained  in  5‘^(E)  and  5‘^(E)  H 
V’(E"’')  =  {a",c}.  This  proves  Part  (iii).  □ 

Theorem  5.7  The  graph  induced  by  V(E“")  U  V{P)  is  not  signable  to  be 
balanced. 

Proof:  We  consider  the  following  cases: 

Case  1  The  path  P  contains  a  node  x,-,  1  <  t  <  n  adjacent  to  a“  and  c“. 

Proof  of  Case  1:  Let  x,  be  such  a  node  with  lowest  index.  Then  x,  is  an 
attached  node  in  E”",  having  the  Xi_iXi-subpath  of  P  as  attached  minimal 
direct  connection  in  V^,.  However  this  minimal  direct  connection  violates 
Lemma  2.8. 

Case  2  The  path  P  contains  no  node  Xj  adjacent  to  both  a“  and  c  and 
node  xi  or  node  x„  is  of  Type  c[2.1]  in  E"". 

Proof  of  Case  2:  Assume  that  Xi  is  of  Type  c(2.1]  and  assume  w.l.o.g. 
that  Xi  has  a  neighbor  Zx  in  P“  and  a  neighbor  22  in  P2.  The  same  argument 
used  in  the  proof  of  Claim  1  of  Lemma  2.8  shows  that  if  a  node  x^,  \  <  i  <  n 
is  adjacent  to  0“,  then  zi  and  a“  are  adjacent.  If  x,-  and  c  are  adjacent,  then 
22  and  c  axe  adjacent.  Finally,  zx  is  not  adjacent  to  0“  or  22  is  not  adjacent 
to  c. 

If  x„  is  a  Type  c[2.1]  node  in  E”",  having  neighbors  23  in  P"  and  24  in  P4, 
then  no  node  Xi,  1  <  i  <  n  is  adjacent  to  a“  or  c,  else  there  is  a  3PC(x„,  a“) 
or  a  3PC(x„,c).  Hence  there  is  a  3PC(2i,23). 

If  x„  is  not  a  Type  c[2.1]  in  E"",  assume  w.l.o.g.  that  22  and  c  are  not 
adjacent.  Then  there  is  a  3PC(z2,c).  Hence  xj  cannot  be  a  Type  c[2.1]  node. 

The  same  argument  shows  that  x„  cannot  be  a  Type  c[2.1]  node. 

Case  3  The  path  P  contains  no  node  x,  adjacent  to  both  a“  and  c,  and 
neither  node  Xi  nor  node  x„  is  of  Type  c[2.1j. 

Proof  of  Case  3:  By  Lemma  5.6,  we  can  Msume  w.l.o.g.  that  N{xx)  C 
V{P'‘)  and  that  ./V(x„)  C  V{P'’).  Let  a“  and  6“  denote  the  endnodes  of  P“ 
and  e”,/"  the  endnodes  of  P”. 
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If  there  exists  a  node  x,,  1  <  i  <  n  adjacent  to  c,  let  Xj  be  such  a  node 
with  lowest  index  and  let  u'  be  the  node  of  adjacent  to  ij,  such  that  the 
length  of  the  u'6“-subpath  P*  of  /*“  is  shortest.  Then  the  following  three 
paths  induce  a  3PC{c,  h): 

Qi  =  c,Xj,...,Xi,u\P'’,b'*,h;  Qi  =  c,g,P4,h\  Q3  =  c,P2,d,h 
If  no  node  Xi,  1  <  t  <  n  is  adjacent  to  c,  there  is  again  a  3PC(c,  h).  □ 
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•  The  graph  G  has  a  chordless  cycle  of  length  4k+2. 
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^~There  exist  two  complete  bipartite  graphs  Ki,K2  in  G  having  disjoint  node  sets,  with 
jUhie  property  that  the  removal  of  the  edges  in  Kj,K2  disconnects  G. 

There  exists  a  subset  S  of  the  nodes  of  G  with  tiie  property  that  the  removal  of  S 
disconnects  G,  wh^^  can  be  partitioned  into  three  disgoint  sets  T^,N  such  that 
some  node^^^  is  a^acent  to  every  node  jh  AuN  and,  if  IT  I S  2,then  /Al  > 
feveff  Ittorie  ^  2^  is'^jacent  to  evSryTi^Sde  of  A. 


A  0,1  matrix  is  balanced  if  it  does  not  contain  a  square  submatrix  of  odd  order  with 
two  ones  per  row  and  per  column.  Balanced  matrices  are  important  in  integer 
programming  and  combinatorial  optimization  since  the  associated  set  packing  and  set 
covering  pol3rtopes  have  integral  vertices. 


To  a  0,1  matrix  A  we  associate  a  bipartite  graph  t^V^V^^as  follows:  The  node  nets 
and  represent  the  row  set  and  the  coluixm  set  of  A  and  edge  ij  belongs  to  if 
and  only  if  a^l.  Since  a  0,1  matrix  is  balanced  if  and  only  if  the  associated  bipartite 
graph  does  not  contain  a  chordless  cycle  of  length  4k+2,  the  above  theorem  provides 
a  decomposition  of  balanced  matrices  into  elementary  matrices  whose  associated 
bipartite  graphs  have  no  cycle  of  length  4k+2.Jxi  Part  VII  of  the  paper,  we  show  how 
to  use  this  decomposition  theorem  to  test  in^ol3momial  time  whether  a  0,1  matrix 
is  balanced. 


